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06 Surfaces of revolution in the Heisenberg group and
the spectral generalization of the Willmore
functional ∗
D.A. Berdinsky † I.A. Taimanov ‡
1 Introduction and main results
In this paper we study the spectral generalization of the Willmore functional
for the surfaces in the three-dimensional nilpotent Lie group Nil with left-
invariant metric admitting four-dimensional isometry group, i.e. endowed
by one of Thurston’s geometries.
The Weierstrass representation for surfaces in Nil was introduced by us
in [3] where following the spectral point of view on the Willmore functional
adopted in [10, 11] we proposed its generalization as
E(M) =
∫
M
UV
idz ∧ dz¯
2
where U and V are the potentials of the Dirac operator coming into the
representation. For the case of surfaces in R3 this formula gives the quarter
of the Willmore functional W = ∫ H2dµ. However for surfaces in Nil the
functional E is not proportional to the Willmore functional which in general
is equal to
∫
(H2 + K̂)dµ where K̂ is the sectional curvature of the ambient
space along the tangent plane to the surface.
In this paper we demonstrate that for surfaces in Nil the functional
E(M) resembles the Willmore functional for surfaces in R3 in many geo-
metrical respects.
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In particular, we prove that for closed surfaces of revolution E is positive
and for spheres of revolution the minima of E are given by constant mean
curvature spheres (see Theorem 2 and corollaries therein). Moreover these
spheres are critical points of E (see Theorem 3).
We observe the relation of the functionals E and W to the isoperimetric
problem: in particular, both functionals E and 14W attain the same value
pi on the cmc spheres in Nil and R3 respectively (see Theorem 1). For R3
these spheres are isoperimetric surfaces and it is conjectured that the same
is true for Nil . Therewith we also show in §3 how to derive some results
from [1] and [5] by using the Weierstrass representation.
We find this relation of the theory of the Willmore functional to the
isoperimetric problem interesting. We discuss this relation and some open
questions in §5 and demonstrate it one more time for the case of surfaces in
S2 × R in §6.2.
In §6.1 we also derive the Euler–Lagrange equation for the functional E.
2 The Weierstrass representation of surfaces in
the Heisenberg group
The Heisenberg group Nil is the nilpotent Lie group formed by all matrices
of the form  1 x z0 1 y
0 0 1
 , x, y, z ∈ R,
with the standard multiplication. It is assumed that the group is endowed
by the left invariant metric
ds2 = dx2 + dy2 + (dz − xdy)2.
The Lie algebra is spanned by three generators e1 = ex, e2 = ey, e3 = ez
which meet the commutativity relations
[e1, e2] = e3, [e1, e3] = [e2, e3] = 0.
The scalar product at the Lie algebra to Nil induced by this left-invariant
metric we denote by
〈u, v〉 =
3∑
i=1
uivi, u =
∑
uiei, v =
∑
vkek.
2
As a smooth manifold this group is diffeomorphic to R3 and on Nil we also
may introduce the cylindrical coordinates (ρ, φ, h) as follows:
x = ρ cosφ, y = ρ sinφ, z =
ρ2
2
cosφ sinφ+ h.
Given a point z = h on the z-axis we draw the geodesic γ of the length ρ
orthogonally to the z-axis in the direction defined by φ, the angle between γ
and the x-axis. The end-point of the geodesic has the coordinates (ρ, φ, h).
The metric in the cylindrical coordinates takes the form
ds2 = dρ2 − ρ2dhdφ + 1
4
ρ2(4 + ρ2)dφ2 + dh2 (1)
and we see that it is invariant under rotations φ→ φ+ θ around the z-axis.
In fact from this formula for the metric it is easily derived that Nil has a
four-dimensional isometry group generated by left translations: g → hg, h ∈
Nil , and rotations around the z-axis.
Let us expose basic facts on the Weierstrass representation of surfaces
in three-dimensional Lie groups G introduced in [3].
The Weierstrass representation of a surface
f :M → G
defines it in terms of a solution to a nonlinear equation
DNilψ =
[(
0 ∂
−∂¯ 0
)
+
(
U 0
0 V
)]
ψ = 0, (2)
where z is a conformal parameter on the surface,
Z1 =
i
2
(ψ¯22 + ψ
2
1), Z2 =
1
2
(ψ¯22 − ψ21), Z3 = ψ1ψ¯2
and
f−1fz =
3∑
k=1
Zkek
is the linear expansion of f−1f : M → T1Nil in the generators e1, e2, e3 of
the Lie algebra, of Nil , identified with the tangent space to Nil at the unity.
The nonlinearity is hidden in the potentials U and V and for G = Nil
we have
UNil = VNil =
H
2
(|ψ1|2 + |ψ2|2) + i
4
(|ψ2|2 − |ψ1|2),
3
where H is the mean curvature.
Therewith the induced metric equals
ds2 =
(|ψ1|2 + |ψ2|2)2 dzdz¯,
the Hopf differential A = 〈∇fzfz, n〉(dz)2 takes the form
A = (ψ¯2∂ψ1 − ψ1∂ψ¯2) + iψ21ψ¯22.
Let us denote by n the normal vector, to the surface, translated to T1Nil by
the left multiplication by f−1. It is equal to
n = e−α
[
i(ψ1ψ2 − ψ¯1ψ¯2)e1 − (ψ1ψ2 + ψ¯1ψ¯2)e2 + (|ψ2|2 − |ψ1|2)e3)
]
, (3)
The derivational equations express derivatives of ψ in z and z¯ and this
system is formed by (2) and the equations
∂ψ1 = αzψ1 +Ae
−αψ2 − i
2
ψ21ψ¯2,
∂¯ψ2 = −A¯e−αψ1 + αz¯ψ2 − i
2
ψ¯1ψ
2
2 .
The derivational equations are obtained by simple straightforward com-
putations and one of the immediate consequences is as follows
• a surface (in Nil ) has constant mean curvature if and only if the
quadratic differential
A˜dz2 =
(
A+
Z3
2
2H + i
)
dz2 (4)
is holomorphic. 1
1Since it was proved earlier in [2] that for constant mean curvature (cmc) surfaces
in the products S2 × R and H2 × R some generalizations of the Hopf differential are
holomorphic and the same was announced for surfaces Nil and other three-spaces with
four-dimensional isometry group in [1] and since these results by Abresch and Rosenberg
motivated us to prove the same by our methods, in [3] we attributed the statement on
the holomorphicity of this differential for cmc surfaces to Abresch. However the detailed
analysis of the formulas from [1, 2] shows that the Abresch–Rosenberg differential has the
form
(H + iτ )A˜dz2.
Therewith Nil is locally considered as a one-dimensional fibration over the flat two-space
with the bundle curvature τ .
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For surfaces in R3 it is clear that Hopf differential is holomorphic if and
only if the surface has constant mean curvature. We did manage to general-
ize this fact for surfaces in Nil and did not succeed for surfaces in S˜L2(R).
It appears to be impossible. Recently it was showed by Ferna´ndez and
Mira that for surfaces in this group there are non-compact not cmc surfaces
which the differential A˜dz2 is holomorphic however all compact surfaces for
which this differential is holomorphic are cmc surfaces (see this and sim-
ilar results related to surfaces in other three-spaces with four-dimensional
isometry group in [4]).
In [3] we also introduce the (spinor) energy of a compact surface M
without boundary in Nil (and also in S˜L2(R)) as
E(M) =
∫
M
UV
idz ∧ dz¯
2
.
For a surface in R3 U = U¯ = V in its Weierstrass representation and
E(M) = 14W where W is the Willmore functional [10]. The point of view
based on the spectral theory of Dirac operators D coming in the Weier-
strass representations and taken and demonstrated in [10, 11] assumes that
the spectral properties of D have to have important geometrical meanings.
Thus we treat the functional E as the spectral generalization of the Willmore
functional. Although the product UV is complex-valued it was showed in
[3] that the integral taken over a compact surface without boundary equals
•
E(M) =
1
4
∫
M
(
H2 +
K̂
4
− 1
16
)
dµ (5)
where K̂ is the sectional curvature of Nil along the tangent plane to
a surface and dµ = e2αdx ∧ dy is the induced measure on M .
3 Constant mean curvature spheres in the Heisen-
berg group
3.1 The main equation for surfaces with A˜ = 0
Let us first formulate some simple identities obtained from the derivational
formulas and checked by straightforward computations:
∂n3
∂z
=
(
−H + i
2
)
Z3 − 2e−2αAZ¯3 (6)
5
where n3 = 〈n, e3〉,
e2α =
4|Z3|2
1− n32 (7)
and
∂Z3
∂z
= (2H − i)|Z3|2 n3
1− n32 . (8)
The formula (6) easily follows from the derivational equations written in
terms of the immersion f :
∇fzn = −Hfz − 2Ae−2αfz.
Let us suppose that the differential A˜dz2 vanishes which, in particular,
implies that the mean curvature of a surface is constant [3]:
A = − Z3
2
2H + i
, H = const. (9)
Substituting (9) into (6) and expressing e2α via (7), we obtain
∂n3
∂z
=
(
−H + i
2
+
1− n32
4H + 2i
)
Z3 (10)
which together with (8) implies
∆n3 +
2n3(n3x
2 + n3y
2)
1− n32 = 0. (11)
We have
Proposition 1 For a surface in Nil with vanishing differential A˜dz2 the
equation (11) holds.
Moreover the metric e2α on this surface is uniquely reconstructed from
the function n3 and the constant H.
The first statement is already derived. To prove the second part it is
enough to reconstruct Z3 from (10) and then by using (7) derive
e2α =
4
1− n23
16H2 + 4
(4H2 + n32)2
∣∣∣∣∂n3∂z
∣∣∣∣2 . (12)
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3.2 CMC spheres of revolution
Constant mean curvature of revolution and more general cmc surfaces with
helicoidal symmetry were described in different terms in [5]. We demon-
strate here how a description of cmc spheres is straightforwardly derived via
the Weierstrass representation. Moreover these computations will be neces-
sary for us for computing the values of different functionals (area, bounded
volume, spinor energy) on these spheres.
Let us consider the following solutions to (11):
n3 =
r2 − 1
r2 + 1
, (13)
where r2 = x2 + y2, z = x+ iy.
If such a solution corresponds to a surface with A˜ = 0 then, by (12), the
induced metric e2αdzdz¯ on the surface takes the form
e2α =
16(1 + 4H2)(1 + r2)2
((r2 − 1)2 + 4H2(1 + r2)2)2 (14)
We look for a surface which is obtained by a revolution of curve γ(r) =
(ρ(r), ψ(r), h(r)) and for which the induced metric takes the form (14) where
x = r cos θ y = r sin θ are the conformal coordinates on the surface with θ
the angle of rotation.
The induced metric on a surface of revolution in the coordinates r and
θ is equal to (
ρ2 +
ρ4
4
)
dθ2 +
((
2ρ2 +
ρ4
2
)
ψ′ − ρ2h′
)
drdθ+
+
(
h′2 + ρ2ψ′2 +
1
4
ρ4ψ′2 − ρ2h′ψ′ + ρ′2
)
dr2.
Such a metric takes the form e2αdzdz¯ if and only if ρ, h and ψ satisfy the
following equations:
ρ2 +
ρ4
4
= r2e2α,
(
2ρ2 +
ρ4
2
)
ψ′ − ρ2h′ = 0,
h′2 + ρ′2 + ρ2ψ′2 +
1
4
ρ4ψ′2 − ρ2h′ψ′ = e2α.
This system is rewritten as follows:
ρ =
√
σ, h′ =
√
1 +
σ
4
√
e2α − σ
′2
4σ
, ψ′ =
1
2
√
e2α − σ′24σ
1 + σ4
7
where σ = 2
√
1 + r2e2α − 2.
If e2α takes the form (14) then
σ =
16r2
(r2 − 1)2 + 4H2(r2 + 1)2
and we have
ρ =
√
16r2
(r2 − 1)2 + 4H2(r2 + 1)2 ,
h′ =
16H(1 + 4H2)r(1 + r2)2
((r2 − 1)2 + 4H2(1 + r2)2)2 ,
ψ′ = 8
Hr
(r2 − 1)2 + 4H2(1 + r2)2 .
The final formulas for the generating curve γ(r) of the surface of revolution
are as follows:
ρ =
4r√
(r2 − 1)2 + 4H2(r2 + 1)2 ,
h =
1 + 4H2
4H2
(
− 4H(1 − r
2 + 4H2(1 + r2))
(r2 − 1)2 + 16H4(1 + r2)2 + 8H2(1 + r4) +
+ arctan
[
1
4H
(r2 − 1 + 4H2(r2 + 1))
])
,
ψ = arctan
[
1
4H
(4H2 − 1 + (1 + 4H2)r2)
]
,
(15)
where r ∈ [0,∞].
The following proposition is checked by straightforward computations.
Proposition 2 For any H, 0 < H < ∞, the curve (15) generates by revo-
lution a sphere with constant mean curvature H.
Let T1Nil be the S
1-fiber bundle over Nil formed by all unit vectors.
We denote by f̂ :M → T1Nil the Gauss map which corresponds to a point
p ∈M the unit normal vector at p.
Proposition 3 Given H, 0 < H <∞, for any point q ∈ T1Nil there exists a
sphere of revolution M with constant mean curvature H such that q ∈ f̂(M).
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Of course, here and in the sequel we mean by spheres of revolution not
only spheres given by (15) but also their left translates in the group Nil .
Proof of Proposition 3. Let q = (p, ξ) with p ∈ Nil and ξ ∈ TpNil . Given
the sphere SH , it follows from (15) that n3 takes all values from −1 till 1.
Therefore let us take p1 ∈ SH such that ξ3 = n3(p1) and translate SH into
a cmc sphere S1 by left-translation g → hg such that hp1 = p. The normal
to S1 at p1 equals (ξ
′
1, ξ
′
2, ξ3). Then we rotate S1 around the z-axis coming
through p to achieve a sphere S2 for which the normal at p is equal to ξ.
This proves the proposition.
3.3 CMC spheres
To finish the description of all cmc spheres in Nil we are left to show all
such spheres are just spheres of revolution: this fact was proved in [2] for
surfaces in S2×R and H2×R and was stated in [1] for other three-manifolds
with four-dimensional isometry group. Moreover in [1] it is explained that
the proof for the latter case is almost the same as for the cases of products
[2]. Here we expose such a proof for in the particular case of Nil .
Proposition 4 (Abresch–Rosenberg [1]) Given H, 0 < H < ∞, any
complete surface with A˜ = 0 is a sphere of revolution.
Proof. One of the Gauss–Weingarten equations reads
∇fzn = −Hfz − 2Ae−2αfz. (16)
Since A˜ = 0, we have A = − Z232H+i and therefore at any point p the vectors
∇fxn are ∇fyn uniquely defined by fz, fz, and the point p. Moreover we
have
(∇fxn)i =
∂ni
∂x
+ Γijk(p)f
j
xn
k.
The equation (16) takes the same form for any conformal coordinate w =
w(z) on the surface. In fact it defines a two-plane Πq in Tq (T1Nil ) with
q = (p, n) such that Πq is tangent to the image of the Gauss mapping of
any surface with A˜ = 0. Thus we have a two-dimensional distribution Π
on T1Nil . Any integral surface of this distribution is uniquely determined
by any its point and, since through any point of T1Nil goes the image of
the Gauss map of a cmc sphere, we conclude that all complete surfaces with
A˜ = 0 are cmc spheres. Proposition is proved.
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3.4 Remark on the isoperimetric problem for Nil
Since the metric on the sphere equals
e2α(dr2 + r2dθ2),
the area element is equal
dµ = re2αdrdθ.
Substituting (14) into this formula we compute the area A(H) of the
sphere SH with constant mean curvature H:
A(H) =
∫
SH
dµ = 2pi
∫ ∞
0
re2αdr =
2pi
∫ ∞
0
16(1 + 4H2)r(1 + r2)2
((r2 − 1)2 + 4H2(r2 + 1)2)2 dr =
2pi
(
1
H2
+
1 + 4H2
4H3
(
pi
2
− arctan
[
4H2 − 1
4H
]))
.
In the domain DH bounded by the sphere SH we take for coordinates
the parameters δ ∈ [0, 1], r ∈ (0,∞) and θ ∈ [0, 2pi] such that the cylindrical
coordinates of the point (δ, r, θ) are equal to ρ = δρ(r), φ = ψ(r) + θ and
h = h(r) where the functions ρ(r), h(r), and ψ(r) from (15) define a sphere
of revolution.
We have
dρ = δρ′(r)dr + ρ(r)dδ, dφ = ψ′(r)dr + dθ, dh = h′(r)dr
and, substituting these formulas to (1), we compute the induced metric:
ds2 = ρ2dδ2 + 2δρρ′drdδ+
(δ2ρ′2 − δ2ρ2h′ψ′ + δ2ρ2ψ′2 + 1
4
δ4ρ4ψ′2 + h′2)dr2+
+
1
4
δ2ρ2(4 + δ2ρ2)dθ2 + (−δ2ρ2h′ + 2δ2ρ2ψ′ + 1
2
δ4ρ4ψ′)dr dθ,
and the volume form dν:
dν = (ρ2h′δ) dδdrdθ =
256H(1 + 4H2)r3(1 + r2)2δ
((r2 − 1)2 + 4H2(1 + r2)2)3 dδdrdθ.
Therefore the volume V (H) of DH equals
V (H) =
∫
DH
dν = pi
∫ ∞
0
256H(1 + 4H2)r3(1 + r2)2
((r2 − 1)2 + 4H2(1 + r2)2)3 dr =
10
=
pi
16H4
(
4H(4H2 + 3)− (4H2 + 1)(4H2 − 3)
(
pi
2
− arctan
[
4H2 − 1
4H
]))
.
Finally we obtain the relation between the area V (H) of a cmc sphere and
the volume V (H) of the domain bounded by this sphere:
V (H) =
4pi
H
− 4H
2 − 3
8H
A(H). (17)
Conjecturally the relation between A(H) and S(H) gives a solution to
the isoperimetric problem for Nil .
For a general n-dimensional Riemannian manifold this problem consists
in finding a hypersurface S which minimizes the (n−1)-volume Vn−1 among
all surfaces bounding domains of n-volume d. This surface has constant
mean curvature and is called isoperimetric and we denote its volume by
Vn−1(d). From the geometric measure theory it is known that for n ≤ 7 an
isoperimetric hypersurface is smooth [6].
For R3 the isoperimetric surfaces are the round spheres and V2(d) =
(24pid2)1/3. This was originally proved by Schmidt in 1930s by the sym-
metrization method [9] however now it also can be derived from the Alexan-
drov theorem that all embedded compact cmc surfaces without boundary in
R3 are homeomorphic to spheres and the Hopf theorem that all cmc spheres
in R3 are the round spheres.
The analog of the Alexandrov theorem is not known for Nil . However
it is very unlikely that isoperimetric surfaces in Nil are non-spherical and it
is a reasonable and known conjecture that isoperimetric surfaces in Nil are
homeomorphic to spheres. If it is true the cmc spheres SH , 0 < H <∞, give
isoperimetric surfaces for all d, 0 < d <∞. 2 We remark that for a compact
Riemannian manifold and for small volumes the isoperimetric hypersurfaces
are homeomorphic to a sphere [7].
2After the posting of the first version of this paper in the internet F. Morgan pointed
out to us the paper [12] where the constant mean curvature spheres of revolution in Nil
are described and it is proved that for small volumes, i.e. for H ≫ 0, they are solutions
to the isoperimetric problem.
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4 The spectral generalization of the Willmore fun-
ctional
For closed oriented surfaces in Nil the spinor energy functional introduced
in [3] is equal to
E(M) =
∫
M
UV
idz ∧ dz¯
2
=
=
1
4
∫
M
(
H2 − n
2
3
4
)
dµ =
1
4
∫
M
(
H2 +
K̂
4
− 1
16
)
dµ.
(18)
For cmc spheres SH the spinor energy takes the form
E(SH) =
pi
2
∫ ∞
0
(
H2 − 1
4
n23
)
e2αrdr (19)
where n3 and e
2α are given by (13) and (14). Substituting these formulas
for n3 and the metric into (19), by straightforward computations we prove
Theorem 1 For all cmc spheres in Nil the spinor energy is equal to pi:
E(SH) = pi. (20)
Let us compute the classical Willmore functional
W(M) =
∫
M
(H2 + K̂)dµ. (21)
for these spheres. Since for surfaces in Nil we have K̂ = 14 − e−2α(|ψ2|2 −
|ψ1|2) = 14 − n23, it follows from (18) and (21) that
∫
SH
K̂dµ = 16pi −(
4H2 − 14
)
A(H) and finally we derive that
W(SH) = 10pi+ pi
2H2
−pi (1 + 4H
2)(3H2 − 14 )
2
H3
(
pi
2
− arctan
[
4H2 − 1
4H
])
.
Therefore we see that the Willmore functional does not take a constant value
on constant mean curvature spheres.
Let us compute the spinor energy for closed surfaces of revolution.
We have the SO(2)-action on Nil by rotations around the z-axis and the
quotient space Nil /SO(2) is the half-plane u ≥ 0 with the local coordinates
u = ρ and v = z where ρ, φ, and z are the cylindrical coordinates. By (1),
there is a submersion
Nil → B = Nil /SO(2)
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where Nil /SO(2) is endowed with the metric
du2 +
4u2
4u2 + u4
dv2.
Let γ(s) = (u(s), v(s)) be a smooth curve in B which generates by revolution
a smooth surface in Nil . Here we denote by s the natural parameter on γ.
Let σ be the angle between γ and the direction ∂∂u . We have the following
formulas for the tangent vector t and the normal vector n:
t = (cos σ, (2u)−1
√
4u2 + u4 sinσ), n = (− sinσ, (2u)−1
√
4u2 + u4 cos σ).
Moreover u, v, and σ satisfy the following ordinary differential equations:
u˙ = cos σ
v˙ = (2u)−1
√
4u2 + u4 sinσ
σ˙ = 2H − u−1 sinσ,
(22)
where the dot denotes the derivation in s. It follows from (22) that
H =
1
2
(σ˙ + u−1 sinσ).
These formulas for t, n, and H were derived in [5].
It is easy to compute
n3 =
〈
n,
∂
∂z
〉
=
2u√
4u2 + u4
cos σ, dµ =
1
2
√
4u2 + u4dθds.
Rewriting the functional E in terms of u and σ we compute
E(M) =
pi
4
∫
γ
[
(σ˙ + sinσu )
2
4
− u
2
4u2 + u4
cos2σ
]√
4u2 + u4 ds =
=
pi
4
∫
γ
[
(σ˙ − sinσu )2
4
√
4u2 + u4 +
σ˙ sinσ
u
√
4u2 + u4 − u
2 cos2 σ√
4u2 + u4
]
ds.
Now we are left to notice that
pi
4
∫
γ
(
σ˙ sinσ
u
√
4u2 + u4 − u
2
√
4u2 + u4
cos2 σ
)
ds =
= −pi
4
∫
γ
(
u¨
√
4 + u2 +
u√
4 + u2
u˙2
)
ds = −pi
4
∫
γ
∂
∂s
(u˙
√
4 + u2)ds.
Thus we prove the following theorem.
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Theorem 2 Given a closed surface M in Nil obtained by revolving a curve
γ ⊂ B around the z-axis, the spinor energy of M equals
E(M) =
1
4
∫
γ
(
H2 − 1
4
n3
2
)
dµ =
pi
8
∫
γ
(
σ˙ − sinσ
u
)2√
4u2 + u4ds− pi
4
∫
γ
∂[u˙
√
4 + u2]
∂s
ds =
pi
8
∫
γ
(
σ˙ − sinσ
u
)2√
4u2 + u4ds+
piχ(M)
2
(23)
where χ(M) is the Euler characteristic of M .
Moreover if σ˙ = sinσu everywhere on the surface then it is a cmc sphere.
Corollary 1 For spheres of revolution E(M) ≥ pi and the equality is at-
tained exactly at cmc spheres.
Corollary 2 For tori of revolution E(M) > 0.
We also have
Theorem 3 The cmc spheres in Nil are the critical points of the spinor
energy functional E.
Proof. The Euler–Lagrange equation for E takes the form
∆H + 2H(H2 −K) + 2e−4α(AZ¯23 + A¯Z23 ) = 0
(see Theorem 4 in §6.1). The cmc spheres meets the equations H = const
and A = − Z232H+i which imply
∆H = 0, 2H(H2 −K) = 8e−4αH|A|2 = 8e−4αH |Z3|
4
4H2 + 1
,
2e−4α(AZ¯23 + A¯Z
2
3 ) = −8e−4αH
|Z3|4
4H2 + 1
.
It follows from these formulas that the cmc spheres in Nil meet the Euler–
Lagrange equation for E. Theorem is proved.
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5 Final remarks and open questions
We see that the energy functional in many geometrical respects behaves
similarly to the functional
W(M)
4
=
1
4
∫
M
H2dµ
for closed oriented surfaces in R3.
Indeed
1. as in (20) we have
W
4
= pi
for all isoperimetric surfaces, i.e. the round spheres, in R3;
2. we have
W(M)
4
=
1
4
∫
M
((
κ1 − κ2
2
)2
+ κ1κ2
)
dµ =
=
1
4
∫
M
(
κ1 − κ2
2
)2
dµ+
pi
2
χ(M)
where κ1 and κ2 are the principal curvatures. The latter formula is
similar to (23) however the quantities σ˙ and sinσu are not the principal
curvatures of a surface of revolution;
3. the condition A = 0 distinguishes among complete compact surfaces in
R3 exactly the cmc spheres which are the minima of the Willmore func-
tional W for surfaces. Among closed surfaces of revolution in Nil the
similar condition A˜ = 0 distinguishes exactly the cmc spheres which
are the minima of the functional E (among spheres of revolution).
These geometrical observations confirm that the functional E coming
from the spectral theory of the Weierstrass representation sounds to be the
right generalization of the Willmore functional to surfaces in Nil .
We also have to consider the equation A˜ = 0 as distinguishing generalized
umbilic surfaces: both in R3 and in Nil the complete compact “umbilic”
surfaces are the cmc spheres. We remark that for cmc spheres in Nil only
the poles, i.e points invariant under rotation symmetry, are umbilics in the
classical sense.
From the point of view of this generalization the following open problems
are interesting for study:
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1. to prove that E is bounded from below for each topological type of
closed oriented surfaces or even to prove that E is positive;
2. to prove that the cmc spheres are the global minima of E among
spheres;
3. to generalize the formula (23) for general surfaces;
4. to find the minima of E among surfaces of fixed topological type and,
in particular, to find the substitution of the Willmore conjecture.
Of course it sounds interesting to consider the same questions for surfaces
in S˜L2(R) for which case the Weierstrass representation and the energy
functional were also derived in [3].
6 Appendices
6.1 The Euler–Lagrange equations for the functional E
Theorem 4 Let f :M → Nil be a regular surface and r :M × [0, 1]→ Nil
be its smooth variation: r0 = f . We assume that r is constant on the
boundary of M if it exists: r(p, t) = f(p). Let ∂r(p,t)∂t |t=0 = ϕn where n is
the unit normal field to M . Then the variation of E at t = 0 equals
δE(M) =
1
4
∫
M
(∆H + 2H(H2 −K) + 2e−4α(AZ¯23 + A¯Z23 ))ϕdµ. (24)
Proof. By [3], we have to compute
δE =
1
4
(
δ
∫
M
H2dµ − δ
∫
M
1
4
n23
)
dµ. (25)
Given parameters x and y on M we mean by r1 and r2 the derivatives
∂r
∂x
and ∂r∂y .
The Gauss–Weingarten equations reads
∇jri = Γkijrk + hijn, ∇in = −hji rj = −gkjhkirj,
where gij and hij are the first and second fundamental forms of M . By the
definition of the mean curvature, we have
δdµ = −2Hϕdµ.
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a) Let us compute
δ
∫
H2dµ = 2
∫
HδHdµ +
∫
H2δdµ = 2
∫
H(δH)dµ − 2
∫
H3ϕdµ.
We have
2δH = δ2H = δ(gijhij) = (δg
ij)hij + g
ijδhij (26)
and the Gauss–Weingarten equations imply that δgij = δ〈ri, rj〉 = −2ϕhij .
Since 0 = δ
(
gijg
jk
)
= gijδg
jk + gjkδgij = gijδg
jk − 2ϕhijgjk, we have
δgij = 2ϕgjkhik.
Let us compute δhij which equals δhij = δ〈∇jri, n〉 = 〈∇jri, δn〉 +
〈δ∇jri, n〉. By the Gauss–Weingarten equations, we have δn = −gijϕjri
which implies 〈∇jri, δn >= −Γkijϕk. We also have δ∇jri = ∇∂t∇jri =
∇j∇∂tri + (∇∂t∇jri − ∇j∇∂tri) = ∇j∇i(ϕ)n + ϕR(rj , n)ri from which by
straightforward computations we derive that 〈∇j∇iϕn, n〉 = ϕij − ϕhki hkj .
Combining the previous computations we obtain
δhij = −Γkijϕk + ϕij − ϕhki hkj + ϕ〈R(rj , n)ri, n〉.
Substituting the derived formulas for δgij and δhij into (26) we conclude
that
2δH = gij(ϕij − Γkijϕk) + ϕgjkhikhij + ϕgij〈R(rj , n)ri, n〉 =
= ∆ϕ+ ϕhikh
k
i + ϕg
ij〈R(rj , n)ri, n〉
where ∆ is the Laplace–Beltrami operator on the surface. Since hikh
k
i =
Trh2 = k21 + k
2
2 = (k1 + k2)
2 − 2k1k2 = 4H2 − 2K, we rewrite the previous
formula as
2δH = ∆ϕ+ (4H2 − 2K)ϕ + gij〈R(rj , n)ri, n〉ϕ.
Therefore, by using the equality
∫
M (∆ϕ)Hdµ =
∫
M (∆H)ϕdµ we derive
δ
∫
M
H2dµ =
∫
M
(∆H + 2H(H2 −K)ϕ+Hgij〈R(rj , n)ri, n〉)ϕdµ.
Assuming that the coordinates x, y are curvilinear orthogonal: g12 = 0,
we have
gij〈R(rj , n)ri, n〉 = g11〈R(r1, n)r1, n〉+ g22〈R(r2, n)r2, n〉 =
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= K̂(r1, n) + K̂(r2, n)
where K̂(u, v) is the sectional curvature of the ambient space along the plane
spanned by u and v.
Let us specialize the formula for δ
∫
H2dµ for the case of surfaces in Nil .
In this case the sectional curvature depends only on n3 and equals
1
4 − n23
(see, for instance, [3]) and we have K̂(r1, n) + K̂(r2, n) = n3
2 − 12 which
implies
δ
∫
M
H2dµ =
∫
M
(∆H + 2H(H2 −K) +H(n23 −
1
2
))ϕdµ. (27)
b) Let us compute
δ
∫
M
n3
2dµ =
∫
2n3δn3dµ +
∫
M
n3
2δdµ.
Therewith we assume that z = x + iy is the conformal parameter on the
surface and the metric takes the form e2αdzdz¯.
Since 〈n, δe3〉 = 〈n,∇ϕne3〉 = 〈n,ϕ(12n2e1 − 12n1e2)〉 = 12ϕ(n2n1 −
n1n2) = 0,
3 we have δn3 = δ〈n, e3〉 = 〈δn, e3〉 which is equal to 〈δn, e3〉 =
〈−gijϕjri, e3〉 = −2e−2α〈ϕzrz + ϕzrz, e3〉.
Thus we compute
2
∫
M
n3δn3dµ = −4
∫
M
n3〈ϕzrz + ϕzrz, e3〉dx ∧ dy =
= 4
∫
M
((n3〈rz, e3〉)z + (n3〈rz, e3〉)z)ϕdx ∧ dy.
By the Weierstrass representation formulas (see §2), we have 〈r−1rz, e3〉 =
Z3 and, since the metric is left-invariant, we conclude that∫
M
n3δn3dµ = 2
∫
M
(n3(∂Z3 + ∂Z3) + (〈∇∂zn, e3〉+ 〈n,∇∂ze3〉)Z3+
+(〈∇∂zn, e3〉+ 〈n,∇∂ze3〉)Z3)ϕdx ∧ dy
Since ∂Z3 + ∂Z3 = Hn3e
2α (see [3]), it follows from (16) that 〈∇∂zn, e3〉 =
−HZ3 − 2Ae−2αZ3. From the formulas for the Levi-Civita connection on
Nil it also follows that 〈n,∇∂ze3〉 = 〈n,∇Z1e1+Z2e2+Z3e3e3〉 = 〈n1e1+n2e2+
3Here we use the formulas for the Levi-Civita connection on Nil exposed, for instance,
in [3].
18
n3e3,
1
2Z2e1− 12Z1e2〉 = 12(n1Z2−n2Z1) = i2Z3. Substituting these formulas
into the formula for
∫
M n3δn3dµ we obtain∫
M
n3〈δn, e3〉dµ = 2
∫
M
Hn23ϕdµ+
2
∫
M
(−2H|Z3|2 − 2AZ¯23e−2α − 2A¯Z23e−2α)ϕdx ∧ dy
Since 4|Z3|2 = e2α(1− n23) (see (7)), we have∫
M
n3〈δn, e3〉dµ = 1
2
∫
M
(6Hn23 − 2H − 8e−4α(AZ¯23 + A¯Z23 ))ϕdµ,
and finally derive
δ
∫
M
n23dµ =
∫
M
(4Hn23 − 2H − 8e−4α(AZ¯23 + A¯Z23 ))ϕdµ. (28)
Now by substituting (27) and (28) into (25) we prove the theorem.
6.2 The isoperimetric problem in S2 × R and a certain Will-
more-type functional
Proposition 5 For a nonminimal constant mean curvature sphere M in
S2 × R we have ∫
M
(H2 + K̂ + 1)dµ = 16pi.
Proof. By [2] we know that each cmc sphere is a sphere of revolution
for H 6= 0 and a spherical section for H = 0. By [8] every constant mean
curvature sphere of revolution SH , with H 6= 0, is generated by the curve
curve γH = SH/O(2) meeting the following equations B = S
2 × R/O(2) =
{(x, y) : x ∈ R, y ∈ [0, pi]}:
dx
ds
= cos σ,
dy
ds
= sinσ,
dσ
ds
= h+ cot y cos σ,
where σ is the angle between γ and the x-axis. Thus K̂ = sin2 σ and we
have ∫
SH
K̂dµ = 4pi
(
2− h
2
√
1 + h2
ln
√
1 + h2 + 1√
1 + h2 − 1
)
. (29)
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By [8], the area of SH equals
A(SH) =
∫
M
dµ = 4pi
(
2
1 + h2
+
h2
(1 + h2)3/2
ln
√
1 + h2 + 1√
1 + h2 − 1
)
. (30)
Combining (29) and (30) we obtain the proof of the proposition.
As it was proved by Pedrosa [8] the isoperimetric problem for S2 × R
is solved by domains bounded by cmc spheres for small volumes d and by
products cylinders S2 × [0, d4pi ] for large volumes d with one point d0 of
transition from one topological class of solutions to another.
Proposition 5 one more time demonstrates that a certain generalization
of the Willmore functional of the type (H2+αK̂+β)dµ respects the isoperi-
metric surfaces of spherical topology by attaining on them some constant
value which is even probably the minimum of the functional.
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